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Gravity Currents from Instantaneous
Sources Down a Slope
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Abstract: Gravity currents from instantaneous sources down a slope were modeled with classic thermal theory, which has formed the basis
for many subsequent studies. Considering entrainment of ambient fluid and conservation of total buoyancy, thermal theory predicted the
height, length, and velocity of the gravity current head. In this study, the problem with direct numerical simulations was re-investigated, and
the results compared with thermal theory. The predictions based on thermal theory are shown to be appropriate only for the acceleration
phase, not for the entire gravity current motion. In particular, for the current head forms on a 10° slope produced from an instantaneous
buoyancy source, the contained buoyancy in the head is approximately 58% of the total buoyancy at most and is not conserved during the
motion as assumed in thermal theory. In the deceleration phase, the height and aspect ratio of the head and the buoyancy contained within it
may all decrease with downslope distance. Thermal theory relies on the increase in the mass of the current head through entrainment as the
major mechanism for deceleration and, therefore, tends to underpredict the front velocity in the deceleration phase. DOI: 10.1061/(ASCE)
HY.1943-7900.0000500. © 2012 American Society of Civil Engineers.
CE Database subject headings: Slopes; Thermal factors; Currents; Hydraulics.
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Introduction
Gravity currents, also known as density currents, are buoyancy-
driven flows caused by a density difference. The density difference
may be due to dissolved or suspended materials and temperature
differentials. Gravity currents on slopes are commonly encountered
in geophysical environments, for example, powder-snow ava-
lanches and turbidity currents off the continental shelf, but they
are also of interest in engineering applications mostly related to
industrial safety and environmental protection. Readers are referred
to Allen (1985), Fannelop (1994), and Simpson (1997) for more
details about gravity currents and their relevance in natural science
and engineering applications.
The interest in gravity currents has initiated a substantial amount
of research using theoretical, experimental, and numerical methods.
Much work has focused on gravity currents produced by instanta-
neous, finite buoyancy on a horizontal boundary, that is, lock-
exchange flows (Benjamin 1968; Huppert and Simpson 1980;
Marino et al. 2005; Huppert 2006). For gravity currents on a slope,
the buoyancy source may be continuously maintained (Britter and
Linden 1980; Parker et al. 1986) or released instantaneously with
finite buoyancy (Beghin et al. 1981; Rastello and Hopfinger 2004).
The focus here is on the gravity currents produced by a finite
amount of buoyancy instantaneously released on a slope. Such
gravity currents were experimentally studied and theoretically
modeled with thermal theory in Beghin et al. (1981), which has
formed the basis for many subsequent studies. For example, Dade
et al. (1994) extended the theory to a gravity current on a slope with
decreasing buoyancy because of particle settling; Rastello and
Hopfinger (2004) studied a case in which the buoyancy increases
as a result of resuspension of sediment. Apart from classic thermal
theory, Webber et al. (1993), Tickle (1996), and Ross et al. (2002)
alternatively used a shallow water model for an instantaneous re-
lease of buoyancy on a uniform slope. Birman et al. (2007) numeri-
cally investigated Boussinesq and non-Boussinesq gravity currents
on sloping boundaries using two-dimensional simulations and
found agreement with experiments designed to minimize three-
dimensional dynamics. However, here it is shown that a three-
dimensional configuration is warranted to accurately capture the
different phases of gravity current motion, and the use of two-
dimensional simulations is limited (Cantero et al. 2007).
The thermal theory developed by Beghin et al. (1981) for grav-
ity currents follows the spirit of the famous Morton et al. (1956) in
that the total released buoyancy is assumed to be contained in the
gravity current head, into which the ambient fluid is entrained. The
gravity current head was assumed to have a self-similar, semiellip-
tical shape as it moves downslope. The acceleration and deceler-
ation phases of gravity current on a slope were qualitatively
described by thermal theory, and in particular, the height and length
of the current head were predicted to increase linearly with down-
slope distance.
Recently, Maxworthy and Nokes (2007) reexamined the gravity
current produced by an instantaneous bouyancy source that is com-
posed of a slender body of dense fluid, where the lock length is
twice as long as the lock height. It was found in such a case that
the gravity current head does not contain the total released
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buoyancy when the current head forms; instead, it is continuously
fed by the tail current from initiation until the maximum front
velocity is reached. Therefore, the buoyancy in the head increases
as the gravity current propagates downstream, similar to the gravity
current on a slope produced by a continuous source (Britter and
Linden 1980). Maxworthy and Nokes (2007) predicted that if lock
length had been in the range 0.6–1.2 times lock height, the current
head could have contained most of the dense fluid. For the
buoyancy source in Beghin et al. (1981), in which the lock
length-to-height ratio was 1.25, classic thermal theory was deemed
principally adequate. However, whether the characteristics of the
gravity current head are adequately described by, and whether ap-
propriate assumptions are invoked by, thermal theory in the accel-
eration and deceleration phases in the configuration of Beghin et al.
(1981) remain unknown and motivate our further investigation.
In this study, the problem of Beghin et al. (1981) is reinvesti-
gated using direct numerical simulations (DNSs) of gravity cur-
rents, in which all scales of motion are fully resolved in space
and time. The characteristics of gravity current on a slope, includ-
ing height, length, and velocity of the head, can all be derived from
the DNS results and compared with the experimental data and ther-
mal theory given in Beghin et al. (1981). Also carefully reexamined
here are the assumptions and predictions based on thermal theory.
Governing Equations and Numerical Formulation
Fig. 1 illustrates the gravity current configuration employed in the
present work. The heavy fluid of density ~ρ1 is confined to the
shaded region and separated from the light fluid of density ~ρ0. Here
it is assumed that the density difference is small enough that the
Boussinesq approximations can be adopted. The Boussinesq equa-
tions, where density variations are neglected in the inertia term and
retained only in the buoyancy term, take the dimensionless form
∂uk
∂xk ¼ 0; ð1Þ
∂ui
∂t þ
∂ðuiukÞ
∂xk ¼ ρe
g
i 
∂p
∂xi þ
1
Re
∂2ui
∂xk∂xk ; ð2Þ
∂ρ
∂t þ
∂ðρukÞ
∂xk ¼
1
ReSc
∂2ρ
∂xk∂xk : ð3Þ
Here ui denotes the velocity vector, ρ the density, e
g
i the unit vector
pointing in the gravity direction, and p the pressure. In the present
study the channel considered is inclined at an angle θ; therefore,
egi ¼ ðsin θ; 0; cos θÞT . Furthermore, this paper focuses on θ ¼
10° to allow comparison with the work of Beghin et al. (1981).
The variables in (1)–(3) are made dimensionless by channel
half-height, ~h, as the length scale and buoyancy velocity,
~ub ¼
ﬃﬃﬃﬃﬃﬃﬃ
~g0 ~h
q
, as the velocity scale, where reduced gravity ~g0 is
~g0 ¼ ~g ~ρ1  ~ρ0
~ρ0
: ð4Þ
The dimensionless pressure and density are given by
p ¼ ~p
~ρ0~u2b
; ρ ¼ ~ρ ~ρ0
~ρ1  ~ρ0
: ð5Þ
The Reynolds (Re) and Schmidt (Sc) numbers arise from the
nondimensionalization of the equations and are defined by
Re ¼ ~ub
~h
~ν
; Sc ¼ ~ν
~κ
; ð6Þ
where ~ν represents the kinematic viscosity, and ~κ the diffusivity of
the density field. Based on the observation that the influence of
Schmidt number on flow is weak, Sc ¼ 1 was employed in all sim-
ulations (Hartel et al. 2000; Bonometti and Balachandar 2008).
Note that (1)–(3) are made dimensionless by the length and
velocity scales that are known a priori. It is equally customary
in gravity current studies to define the front Reynolds number
based on the actual front velocity, ~uf , and current thickness, ~hf , as
Ref ¼
~uf ~hf
~ν
; i:e:; Ref ¼ uf hfRe; ð7Þ
where dimensionless front velocity, uf , and current thickness, hf ,
are derived from the simulation results.
In the present investigation, the code described in Cortese and
Balachandar (1995) based on the de-aliased pseudospectral method
(Canuto et et al. 1988) is employed, and a detailed validation of the
code for lock-exchange flows is documented in Cantero et al.
(2006, 2007). The governing equations are solved in the rectangu-
lar domain Lx1 × Lx2 × Lx3 with resolution Nx1 × Nx2 × Nx3 . The
width of the channel was chosen to be Lx2 ¼ 3, which is sufficient
for spanwise variation including several lobe and cleft structures
(Hartel et al. 2000). The channel length in the streamwise direction
was chosen to be Lx1 ¼ 16 to allow full development of accelera-
tion and deceleration phases and comparison with Beghin et al.
(1981). If the effect of sidewalls can be neglected (Hartel et al.
2000; Cantero et al. 2006, 2007), in the streamwise and spanwise
directions, periodic boundary conditions are employed as in
f ðx1; x2; x3; tÞ ¼
X
k1;k2
f^ k1;k2ðx3; tÞei2πk1x1=Lx1 ei2πk2x2=Lx2 ; ð8Þ
where f represents the discretized variables, namely, velocity com-
ponents, pressure, and density; and f^ represents the coefficients of
Fourier transforms. The wavenumbers in the x1 and x2 directions
are k1 and k2, respectively, which satisfy
jk1j ≤ Nx12 ; jk2j ≤
Nx2
2
: ð9Þ
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Fig. 1. Sketch of the quantities used in the formulation and thermal
theory; the gravity current travels in the downslope direction, x1, in
a semielliptical form; spanwise direction, x2, is pointing into the
x1x3 plane and follows the right-hand rule; H and L are the height
and length of the gravity current head; x0 is the distance measured from
the virtual origin to the initial state; x is measured from the virtual origin
to the center of mass of the gravity current head; xf is measured from
the virtual origin to the gravity current front; the initial buoyancy was
confined in a lock of l0 × h0 ¼ 0:4 × 0:32; all lengths are normalized
by the channel half-height ~h; the computational domain is chosen as
Lx1 × Lx2 × Lx3 ¼ 16 × 3 × 2 for unhindered development of accelera-
tion and deceleration phases; the gravity in direction ~egi makes an angle
θ with the wall-normal direction x3
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In the wall-normal direction, the Chebyshev expansion for f^
with Gauss–Lobatto quadrature points is employed, which provides
higher resolution near the walls and allows straightforward treat-
ment of boundary conditions. At the top and bottom boundaries,
x3 ¼ 1; the no-slip and no-flux conditions are employed for
the velocity and density fields, that is,
ui ¼ 0;
∂ρ
∂x3 ¼ 0 at x3 ¼ 1: ð10Þ
To solve the equations in the velocity–pressure formulation, the
diffusion terms are treated implicitly using the Crank–Nicolson
scheme. The convection and buoyancy-forcing terms are treated
explicitly using the low-storage third-order Runge–Kutta scheme
(Williamson 1980). The Arakawa method (Durran 1999), in which
the convective and divergence forms of the nonlinear term are al-
ternately used, is also employed for the convection term to reduce
the aliasing error. In all simulations, the velocity field was initial-
ized with fluid at rest; that is, ui ¼ 0 everywhere. The initial density
field is prescribed constant values in the heavy and light fluid re-
gions following the configuration of Beghin et al. (1981), with a
steep error function-type transition between the two values (Hartel
et al. 1997). The initial density field is also seeded with a minute
random disturbance to ensure transition to turbulence (Cantero et al.
2006). In this paper are presented three-dimensional DNSs at four
Reynolds numbers (Re ¼ 3 × 103, 5 × 103, 104, 2 × 104). To
fully resolve the largest and smallest scales of gravity current mo-
tion in the computational domain (Lx1 × Lx2 × Lx3 ¼ 16 × 3 × 2),
the numerical meshes Nx1 × Nx2 × Nx3 ¼ 440 × 84 × 120, 480×
96 × 144, 560 × 128 × 220, and 880 × 168 × 330 were selected
for Re ¼ 3 × 103, 5 × 103, 104, and 2 × 104, respectively. The
numerical meshes were chosen such that higher resolution is pro-
vided compared with reported channel flow (Moser et al. 1999) and
gravity current (Cantero et al. 2006, 2007) simulations. The time
step was chosen to produce a Courant number less than 0.5.
Thermal Theory Revisited
The flow configuration shown in Fig. 1 is again considered here.
The intent is to make a comparison between DNS results and ther-
mal theory. In this section, the theoretical treatment of Beghin et al.
(1981) is summarized, and the bottom friction for the gravity cur-
rents on a slope is included. The gravity current head was assumed
to have a semielliptical shape, which has a constant height-to-
length aspect ratio κ ¼ H=L. The density difference was assumed
small enough so that the Boussinesq approximations hold; that
is, ð~ρ1  ~ρ0Þ=~ρ0 ≪ 1, where ~ρ1 and ~ρ0 are the heavy and light fluid
densities. Following the same normalization defined previously, the
rate of change in linear momentum of the gravity current takes the
dimensionless form
dð1þ κvÞS1HLU
dt
¼ B sin θ CfU2L; ð11Þ
where H and L are dimensionless height and length of the semi-
elliptical gravity current head. The dimensionless buoyancy con-
tained in the current head, B ¼ ρHLS1, is the driving force for
the head and was assumed an invariant equal to the total released
buoyancy in uniform surroundings. The bottom friction force is
proportional to the length of the head, where Cf ≈ 102 is the fric-
tion coefficient (Rastello and Hopfinger 2004). The shape factor
S1 ¼ π=4 denotes the ratio of the cross-sectional area to the product
HL, and κv ¼ 2κ is the added mass coefficient for a semiellipse.
Note here that the dimensionless buoyancy, B, can be regarded
as the product of the mixed fluid contained in the head, HLS1,
and the averaged density within the head, ρ. Before the lock gate
is released, ρ ¼ 1 and the amount of heavy fluid is l0h0; therefore,
B ¼ l0h0 at t ¼ 0. When the gravity current head develops on a
slope after the gate is released, the size of the current head increases
while the averaged density within the head decreases. It was as-
sumed in thermal theory that the size of head and averaged density
varied in such a way that the buoyancy in the head was unchanged
and equal to the total buoyancy during the course of gravity current
motion; that is, B ¼ l0h0 for all time. Later, this assumption is clari-
fied in more detail. The center of mass velocity of the gravity cur-
rent head is denoted by U. The conservation of mass is given by the
dimensionless form
dðS1HLÞ
dt
¼ S2ðHLÞ1=2αU; ð12Þ
where the other shape factor S2 ¼ ðπ=23=2Þð4κ2 þ 1Þ1=2=κ1=2 indi-
cates the ratio of the circumference to
ﬃﬃﬃﬃﬃﬃﬃ
HL
p
for a semiellipse; and α
is the entrainment coefficient, which is a function of slope angle
only. Eqs. (11) and (12) allow the analytical solution
H ¼ 1
2
S2
S1
κ1=2αx; L ¼ 1
2
S2
S1
κ1=2αx ð13Þ
where x is the dimensionless distance measured from the virtual
origin defined by H ¼ L ¼ 0 (Beghin et al. 1981). Taking advan-
tage of the symmetry property of the semielliptical shape, the dis-
tance from the virtual origin to the gravity current front location xf
is given by
xf ¼

1þ 1
4
ﬃﬃﬃ
κ
p S2
S1
α

x ð14Þ
When the gravity current is initialized with heavy fluid at rest, as
considered here, the center of mass velocity takes the form
U ¼ C

x0
x


x0
x

4þ 4CfαS2ð1þκvÞ ﬃﬃκp 1=2 and
C ¼

8S1B sin θ
3ð1þ κvÞα2S22 þ 4CfαS2κ1=2
1
x0

1=2
ð15Þ
where x0 denotes the dimensionless distance from the virtual origin
to the center of mass at the initial state of the motion. In practice, the
location of virtual origin and consequently x0 are not known a pri-
ori. However, when the gravity current head forms and develops on
a slope, the acceleration phase in which the height and length of the
current head grow linearly with downslope distance, also known as
the initial similarity state in Beghin et al. (1981), can be identified.
Therefore, it is possible to extrapolate the linear relationship be-
tween the height and length of the current head and downslope dis-
tance to identify the virtual origin and, consequently, x0 and xf . The
gravity current front velocity is then given by
Uf ¼ U

1þ 1
4
ﬃﬃﬃ
κ
p S2
S1
α

; ð16Þ
where the maximum front velocity is Uf ;max ≈ 0:687C½1þ
S2α=ð4S1
ﬃﬃﬃ
κ
p Þ when Cf → 0.
Beghin et al. (1981) conducted a series of gravity current experi-
ments produced from an instantaneous buoyancy source on in-
clined boundaries in the range between 5° and 90°. In particular,
the velocity of gravity current head on a 10° slope was presented
therein. Following the normalization in the previous section, the
heavy fluid was confined in a lock of l0 × h0 ¼ 0:4 × 0:32, as in-
dicated in Fig. 1; the Reynolds number was approximately 5 × 104
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in their experiments. For such a gravity current on a 10° slope, it
was reported that H ¼ 0:07xf and L ¼ 0:32xf ; that is, κ ¼ 0:28
and α ¼ 0:1.
Results
The features obtained from DNS results are described next in the
light of thermal theory. All simulations were continued until both
acceleration and deceleration phases were fully developed.
Flow Characteristics
As the gravity current travels down a slope, it entrains and mixes
with ambient fluid. Therefore, gravity current grows while its den-
sity decreases. For easy visualization of the gravity current and an
unambiguous measure of buoyancy, width-averged density, ρ, and
equivalent height, h, are defined as
ρðx1; x3; tÞ ¼
1
Lx2
Z
Lx2
0
ρðx1; x2; x3; tÞdx2;
hðx1; tÞ ¼
Z
1
1
ρðx1; x3; tÞdx3
ð17Þ
respectively (Shin et al. 2004). To illustrate the concept of equiv-
alent height, in fluid columns filled entirely by the light ambient
fluid, the equivalent height is zero; in fluid columns filled entirely
by the released heavy fluid, the equivalent height is Lx3 . According
to the configuration as shown in Fig. 1, the total released buoyancy
in the channel is given by
Z
Lx3
0
hðx1; tÞdx1 ¼ l0 × h0 ∀ t ð18Þ
Evolutions of the width-averaged density field at Re ¼ 104 and
equivalent height for gravity currents at three other Reynolds num-
bers are shown in Figs. 2 and 3. Note that the size of the gravity
Fig. 2. Gravity current produced from an instantaneous buoyancy source on a 10° slope at Re ¼ 104; the current is visualized with width-averaged
density contours; six different times with initial conditions are shown; the time interval between consecutive frames is 5 dimensionless time units; x1
denotes the streamwise direction and only the bottom half of the channel is shown (1 ≤ x3 ≤ 0)
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current head increases as the gravity current moves downslope,
whereas the equivalent height decreases during the course of mo-
tion, because of both mixing and spreading on the slope. Following
the release of initial buoyancy, the semielliptical head contains only
part of the total released buoyancy; the remaining part forms a sep-
arated tail current that joins the head at a later stage, as shown
in Fig. 2.
Of particular interest here is the growth of the size of the gravity
current head, as it gives a direct measure and comparison with ther-
mal theory. Based on Fig. 2 it is not unreasonable to approximate
the gravity current head with a semielliptical shape. To define the
length and height of the semielliptical head, here advantage is taken
of the equivalent height defined by (17) in that the semielliptical
head represented by a local maximum in equivalent height, hf ,
which is indicated in Fig. 3, is separated from the tail current
by a local minimum in equivalent height. This local maximum,
hf , designated as the gravity current thickness in the definition
of front Reynolds number, along with the local minimum in equiv-
alent height, can be unambiguously identified. The front of the cur-
rent is taken to be at the location given by h ¼ 0:001, and because
of the sharpness of the density gradient here, the location of the
front is insensitive to the actual value of h chosen to identify it.
The length of the semielliptical head, L, is defined as the distance
between current front and the local minimum in equivalent height.
The height of the semielliptical head, H, is defined as the distance
between the bottom boundary and gravity current edge chosen to be
ρ ¼ 0:1 at the streamwise location where hf is identified. If there
were no mixing, H would be equal to the current thickness, hf .
Because of mixing, the density within the head is not uniform; con-
sequently, H is generally greater than hf . As illustrated in Fig. 4(a),
the choice of ρ used here to identify the head height was made to
quantify observations of the growth in height, H ∼ 0:07xf , consis-
tently with the reported experimental observation. The virtual ori-
gins, followed by x0 and xf , are then identified through an
extrapolation procedure given in Beghin et al. (1981). However,
note that the location of the virtual origin based on extrapolating
head height differs from that based on extrapolating head length. To
consistently show the growth patterns of height and length of the
gravity current head, xf is measured from the virtual origin, and the
lines separating acceleration and deceleration phases may look dif-
ferent in the plots showing the growth in height and length with
distance. During the initial stage of gravity current motion, the
height and length of the gravity current head increase linearly with
downslope distance, as predicted by Eq. (13) and shown in Fig. 4.
However, Fig. 4 also illustrates that the height and length of the
current head do not follow a linear relationship with downslope
distance throughout the entire course of motion. This linear rela-
tionship between head size and downslope distance, Eq. (13), is
strictly observed only at the initial stage of the gravity current
motion.
As will be explained in more detail, the gravity current on a
slope goes through the acceleration and deceleration phases. In
the acceleration phase, after the gravity current head is formed,
the height and length of the current head grow linearly with down-
slope distance, which is in agreement with thermal theory. In the
deceleration phase, however, the height and length on average grow
more slowly with downslope distance as compared with the accel-
eration phase. Furthermore, the semielliptical head experiences
multiple sporadic reductions in its height as indicated in Fig. 4(b)
by the arrows for the Re ¼ 104 case. The relationship reported by
Beghin et al. (1981) for head height, H ¼ 0:07xf , and head length,
L ¼ 0:32xf , appears to be appropriate in the acceleration phase, but
not in the deceleration phase, of gravity current motion. In Fig. 5,
aspect ratio, κ, is plotted against downslope distance. Following
Morton et al. (1956), the assumption of self-similarity requires
the aspect ratio to be a constant. It might be reasonable to adopt
a constant aspect ratio for the acceleration phase; however, the as-
pect ratio in the deceleration phase decreases with downslope dis-
tance. Note that in Morton et al. (1956), the good reason to assume
a constant aspect ratio was that the freely rising buoyant cloud was
laterally unconfined. But for gravity currents on a slope, the pres-
ence of the bottom boundary makes the self-similarity assumption
less appropriate. It is also observed in Figs. 4 and 5 that as Reynolds
number increases, the height and aspect ratio of the current head
decrease. The dependence on Reynolds number suggests that
(a)
h
h
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Fig. 3. Evolution of the gravity current on a 10° slope at different
Reynolds numbers visualized by the equivalent height defined by
Eq. (17): (a) Re ¼ 3 × 103, (b) Re ¼ 5 × 103, (c), Re ¼ 104; in each
panel, the time interval between consecutive instances is 5 dimension-
less time units; arrows indicate the local maximum in equivalent height,
hf , as the gravity current thickness in the definition of front Reynolds
number, Eq. (7)
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the mechanism of vortex rollup and breakdown at the current
interface will work vigorously when the gravity current interface
is turbulent.
Front Velocity
Front velocity, uf , can be obtained from the time dependence of the
front location, xf as
uf ¼
dxf
dt
: ð19Þ
In Fig. 6(a), front velocity is plotted against downslope distance
as a function of Reynolds number. Both the acceleration and de-
celeration phases are successfully captured in accord with the ex-
perimental data (⋄); maximum velocity is reached at the end of the
acceleration phase followed by deceleration of the gravity current.
According to Beghin et al. (1981), it is noted that the distinct jump
in the experimental data at xf ≈ 3:7 is not physical, but merely an
error associated with the finite-differencing process. Therefore, the
maximum front velocity in the experimental data is taken as uf ≈
3:8 derived from the acceleration phase. In Fig. 6(b), the front
Reynolds number, defined by Eq. (7), is plotted against downslope
distance. The maximum front velocities and the dependence on
Reynolds number are illustrated in Fig. 6(c), with predictions with
thermal theory based on different levels of buoyancy contained in
the gravity current head. The lower velocities seen in the direct sim-
ulations are attributed to Reynolds number effects (Simpson and
Britter 1979; Parsons and Garcia 1998; Hartel et al. 2000). On
the basis of thermal theory, the more buoyancy that is contained
in the head, the higher is the maximum front velocity that be
reached. According to Beghin et al. (1981), the total released buoy-
ancy was assumed to be contained in the head (B ¼ l0h0), and ther-
mal theory showed reasonable agreement with the experimental
data. However, as will be seen in Fig. 7(b), the amount of heavy
fluid contained in the head at the end of the acceleration phase is in
fact only a fraction of the total released heavy fluid.
In the deceleration phase, while overall front velocity decreases
with downslope distance, instantaneous front velocity may not do
so, as revealed both by the experimental data of Beghin et al. (1981)
and the DNS results in the present work as indicated in Fig. 6(a).
The arrows in Fig. 6(a) are at the same instants as in Fig. 4(b),
where the height of the current head episodically decreased at
Re ¼ 104. Interestingly, following the reduction in height of the
gravity current head, instantaneous front velocity decreases less
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Fig. 4. Height and length of the semielliptical head as a function of
distance from the virtual origin to the front: (a) H versus xf for
Re ¼ 2 × 104; head height (□) is quantified based on the choice of
ρ ¼ 0:1; upper and lower bounds indicate the height based on the
choices of ρ ¼ 0:01 and ρ ¼ 0:2, respectively. (b) H versus xf .
(c) L versus xf . In (b) and (c), symbols represent DNS results: +,
Re ¼ 3 × 103;×, Re ¼ 5 × 103; *, Re ¼ 104; □, Re ¼ 2 × 104. Solid
lines, H ¼ 0:07xf and L ¼ 0:32xf , represent experimental observations
reported Beghin et al. (1981); dashed lines denote the locations at the
end of the acceleration phase of each Reynolds number: −−,
Re ¼ 3 × 103; −.−, Re ¼ 5 × 103; −..−, Re ¼ 104; −…−,
Re ¼ 2 × 104; arrows in (b) indicate instances where the height of
the head decreases for the case Re ¼ 104
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Fig. 5. Plot of ratio of the semielliptical head, κ ¼ H=L, against dis-
tance from virtual origin to front location, xf , symbols represent DNS
results: +, Re ¼ 3 × 103; ×, Re ¼ 5 × 103; *, Re ¼ 104; □,
Re ¼ 2 × 104; solid line denotes κ ¼ 0:28 as reported in Beghin et al.
(1981) for the gravity current on a 10° slope; dashed lines denote the
same locations as in Fig. 4
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rapidly or even increases in the deceleration phase. The episodic
variation in height and speed of the current is due to vortex rollup
and interaction at the interface between the current and the ambient
fluid (Cantero et al. 2006), which can be explained in short as
follows: as the heavy fluid is advected by the vortices, the center
of gravity of the head decreases periodically, which contributes to a
reduction in the height of the head and an increase in the front
velocity, because temporarily the lowering of center of gravity con-
tributes to potential energy being converted to kinetic energy. This
observation is more amplified in the two-dimensional simulations
because the spanwise vortex structures are not allowed to break up
(Cantero et al. 2006, 2007).
Buoyancy in the Head as an Invariant?
In classic thermal theory, it was assumed and generally perceived
that the total released buoyancy was conserved in the gravity cur-
rent head and, as such, treated as an invariant. To clarify this
assumption, here effective buoyancy is defined as the integral
of equivalent height within the gravity current head of length L,
that is,
BðtÞ ¼
Z
L
hðx1; tÞdx1; ð20Þ
where subscript L in the integral denotes that the integration is per-
formed only in the current head region. Note that if total buoyancy
were to be conserved in the current head, effective buoyancy would
be identical to the initial buoyancy released, that is, B ¼ l0h0. Sev-
eral mechanisms have been found to be responsible for noncon-
serving buoyancy in gravity current head on a slope. For
example, the sediment can be entrained from the bed into the cur-
rent and, therefore, increase total buoyancy (Parker et al. 1986;
Rastello and Hopfinger 2004); the buoyancy in the gravity current
can be continuously fed by tail current from behind the head from
initiation (Maxworthy and Nokes 2007); deposition of fine sedi-
ment from the gravity current renders reduced buoyancy (Dade et al.
1994). Note that none of these mechanisms are directly applicable
here. In Fig. 7(a), effective buoyancy is plotted against downslope
distance, which reveals that as the buoyancy is released on a slope,
only part of the total released buoyancy is contained in the gravity
current head; moreover, the contained buoyancy is not conserved
during the course of motion, either. It is also worth noting that the
decreasing in buoyancy in the head is observed to diminish as
Reynolds number increases.
As a verification, Eq. (18) is also evaluated to ensure that the
total released buoyancy is conserved in the channel, as shown in
Fig. 7(a) and required by the volume integral of Eq. (3). Note that
when the gravity current head forms, the maximum buoyancy con-
tained in the head is approximately 55–58% of the total released
buoyancy. As the gravity current develops downslope, the con-
tained buoyancy in the head decreases in the deceleration phase.
In Fig. 7(b), the plot of effective buoyancy at the end of the accel-
eration phase, Bp, against Reynolds number reveal that Bp slightly
increases as Re increases. As observed in Figs. 7(a) and 7(b), the
Reynolds number plays a role in the level of buoyancy contained in
the head. As Reynolds number increases, more buoyancy is con-
tained in and transported with the head downslope. The buoyancy
in the head, therefore, is strictly not an invariant. Further downslope
in the deceleration phase, the buoyancy in the head increases in the
Re ¼ 104 and Re ¼ 2 × 104 cases because the tail current joins and
recharges the head with buoyancy.
Comparisons with Two-Dimensional Simulation and
with Free-Slip Wall Condition
Two-Dimensional Simulation
Although the computations reported in this study are
three-dimensional, it is helpful to compare the results with the
two-dimensional simulation and identify their differences. A
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Fig. 6. Front velocity of the gravity current down a 10° slope: (a) Front
velocity uf versus distance from virtual origin to front location, xf , as a
function of Reynolds number; symbols represent DNS and experimen-
tal results: +, Re ¼ 3 × 103 (DNS); ×, Re ¼ 5 × 103 (DNS); *, Re ¼
104 (DNS); □, Re ¼ 2 × 104 (DNS); ⋄: Re ¼ 5 × 104 [experimental
data from Beghin et al. 1981). (b) Front Reynolds number, Ref defined
by Eq. (7), versus xf [symbols as in (a)]. (c) Maximum front velocity
Uf ;max versus Reynolds number: +, DNS; ×, experimental data; dashed
and solid lines represent the maximum front velocity predictions of
thermal theory` based on κ ¼ 0:28,α ¼ 0:1, as reported in Beghin et al.
(1981), and different levels of contained buoyancy in the head at the
end of acceleration phase: −−, Bp ¼ 0:0673; −.−, Bp ¼ 0:0695; −..−,
Bp ¼ 0:0701; −…−, Bp ¼ 0:0705; −, Bp ¼ 0:128
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two-dimensional simulation of Re ¼ 104 was performed using
Nx1 × Nx3 ¼ 560 × 220 following the corresponding three-
dimensional configuration. As shown in Fig. 8, except in the initial
stage of acceleration, two-dimensional results underpredict front
velocity compared with three-dimensional results at the same
Reynolds number. Further downslope in the deceleration phase,
two-dimensional results show pronounced oscillations in front
velocity. These observations are in agreement with simulations
of gravity current on a horizontal boundary (Cantero et al. 2006,
2007). Fig. 9 further shows the span-averaged spanwise vorticity
with density contours. Note that interfacial vortices form and inter-
act in the two-dimensional configuration [Fig. 9(c) and 9(d)], but
the vortices are not persistent in the three-dimensional simulation at
the same instants [Fig. 9(g) and 9(h)]. Linear stability analysis has
also shown that these co-rotating vortices formed in gravity cur-
rents are unstable and will promptly break up into smaller struc-
tures (Dai and Garcia 2009). For the purpose of this study, it is
therefore necessary to use three-dimensional simulations because
of the artifical nature and limited representation of the gravity cur-
rent motion by a two-dimensional configuration.
Influence of the No-Slip Wall Condition
In the reported simulations, the no-slip condition is imposed on the
walls, whereas bottom friction was neglected in the original thermal
theory (Beghin et al. 1981). To clarify the influence of the bottom
boundary condition, we performed a simulation of Re ¼ 104 fol-
lowing the same parameters in three-dimensional simulations, but
chose a free-slip condition at the bottom wall. Fig. 8 also shows the
front velocity of a gravity current on a free-slip wall. The free-slip
front velocity appears to be significantly higher than the results
under the no-slip condition and overpredicts the experimental data
at an even higher Reynolds number. Although the bottom friction
greatly alters the directly simulated gravity current velocity, the
thermal theory prediction changes little with consideration of the
drag term. The explanation for the difference in velocity reduction
between simulations and theory is that thermal theory relies on the
increase in fluid mass of the current head through the entrainment
of ambient fluid as the major mechanism for deceleration. The di-
rect influence of the drag coefficient, as compared with the effect of
mass increase in the current head, is not significant. Not only does
bottom friction in the simulations reduce front velocity through the
direct influence of friction, but also the heavy fluid in the current
head is sheared off along the bottom, which reduces the driving
force and front velocity, indirectly and significantly. Also note that
according to the DNS results, the gravity current head on a slope
grows less rapidly or decreases in the deceleration phase than in the
acceleration phase, as indicated in Fig. 4, and travels in a more
“streamlined” front with decreasing aspect ratio. Therefore, the
gravity current head in the deceleration phase actually contains less
ambient fluid mass than predicted by thermal theory. Because of
overestimation of the ambient fluid entrained into the head, thermal
theory tends to underpredict front velocity in the decelera-
tion phase.
Conclusion
This paper has presented three-dimensional DNS results of gravity
currents on a slope and made a comparison with the classic thermal
theory developed in Beghin et al. (1981).
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Fig. 7. Effective buoyancy contained in the gravity current head: (a) Ef-
fective buoyancy, B versus distance from virtual origin to front loca-
tion, xf , symbols represent DNS results: +, Re ¼ 3 × 103; ×,
Re ¼ 5 × 103; *, Re ¼ 104; □, Re ¼ 2 × 104; effective buoyancy is
in the range between 0:42l0h0 and 0:58l0h0 during the course of mo-
tion; buoyancy in the channel is also evaluated to ensure that the total
released buoyancy is conserved total buoyancy in the channel is iden-
tical for the four cases and falls on l0 × h0 ¼ 0:128 as required; dashed
lines denote the same locations as in Fig. 4. (b) Effective buoyancy at
the end of the acceleration phase, Bp,versus Reynolds number
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Fig. 8. Front velocity versus downslope distance in five illustrative
cases with thermal theory predictions at large Reynolds numbers: +,
two-dimensional simulation at Re ¼ 104; ×, three-dimensional simu-
lation at Re ¼ 104; □, three-dimensional simulation at Re ¼ 2 × 104;
⋄, experimental data at Re ¼ 5 × 104; *, three-dimensional simulation
at Re ¼ 104 with free-slip wall condition; solid and dashed lines repre-
sent the predictions based on thermal theory at large Reynolds number
when Cf ¼ 0 and Cf ¼ 0:01, respectively
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It has been shown that maximum front velocity increases as
Reynolds number increases. In the acceleration phase of gravity
current motion, the size and velocity of gravity current increase,
but the maximum buoyancy contained in the gravity current head
is only part of the total released buoyancy; the level of buoyancy
contained in the head during gravity current motion depends on
Reynolds number. In the deceleration phase, sporadic reductions
in the height of the current head occur, and therefore, the gravity
current head decreases in size and buoyancy. In addition, in the
deceleration phase, instantaneous front velocity may decrease less
rapidly or even increase with downslope distance. This observation
is identified in both the DNS results in this work and the experi-
mental data of Beghin et al. (1981). Considering both the acceler-
ation and deceleration phases of gravity current motion on a slope,
the buoyancy contained in the gravity current is not an invariant,
because the mixed fluid is shed from the head; in addition, buoy-
ancy can be fed into the head at a later stage from the joining tail
current.
Although thermal theory qualitatively indicates the acceleration
and deceleration phases of gravity current traveling down a slope, it
is worth recounting the main assumption made by Beghin et al.
(1981). In thermal theory, it is assumed that the total released buoy-
ancy is contained in the head for all time; therefore, the total
buoyancy was conserved in the gravity current. Furthermore, the
size of the gravity current, represented by the height and length
of the semielliptical head, increases linearly with downslope dis-
tance. The current work has shown that only about 55–58% of
the total buoyancy is contained in the gravity current head. In ad-
dition, it has also been shown that the height and aspect ratio of the
head and the buoyancy contained within it may all decrease in
the deceleration phase. Thermal theory relies on the increase in
the mass of the current head resulting from entrainment as the ma-
jor mechanism for deceleration and, therefore, tends to underpre-
dict front velocity in the deceleration phase. Note that the thermal
theory for the gravity currents on a slope originates from Morton
et al. (1956); however, although there was a good reason to adopt
the self-similariy assumption for a laterally unconfined rising
buoyant cloud (Morton et al. 1956), the presence of a bottom boun-
dary in a gravity current case makes this assumption less
appropriate.
The findings in this work suggest that classic thermal theory
may need to be modified to allow more accurate description of
the gravity current on a slope. Toward this goal, further investiga-
tions are underway.
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